This paper is concerned with the estimation of the autoregressive parameter in a widely considered spatial autocorrelation model. The typical estimator for this parameter considered in the literature is the (quasi) maximum likelihood estimator corresponding to a normal density. However, as discussed in the paper, the (quasi) maximum likelihood estimator may not be computationally feasible in many cases involving moderate or large sized samples. In this paper we suggest a generalized moments estimator that is computationally simple irrespective of the sample size. We provide results concerning the large and small sample properties of this estimator.
Introduction

1
There exists a large body of literature that considers autocorrelation of the disturbances across cross sectional units for panel data, i.e., data which are observed both across cross sectional units and over time. However, the estimation of models that permit for autocorrelation of the disturbances across cross sectional units for cases in which the data are only observed in one time period has -until recently -only received relatively little attention in the theoretical econometrics literature. For example, in most econometric text books there is no discussion relating to spatial models, when only a single cross section of data is available.
2 This is unfortunate because issues relating to geographical proximity, transportation, spill-over effects, etc., suggest that such models are important. Indeed, in recent years there have been a number of theoretical and applied econometric studies involving spatial issues, which include contributions by Case (1991) , Conley (1996) , Delong and Summers (1991) , Dubin (1988) , Kelejian and Robinson (1993) , Moulton (1990) , Quah (1992) and Topa(1996) . 3 One of the most widely referenced models of spatial autocorrelation is one that was put forth by Ord (1973, 1981) . This model is a variant of the model considered by Whittle (1954) , and is sometimes referred to as a spatial autoregressive (SAR) model -see, e.g., Anselin (1988) . In the SAR model the disturbance term corresponding to a cross sectional unit is, as discussed in more detail below, modeled as a weighted average of disturbances corresponding to other cross sectional units, plus an innovation. This weighted average involves a scalar parameter, say ρ, and a set of weights which describe the spatial interactions. The innovations are typically assumed to be i.i.d. N(0, σ 2 ). In a regression framework, the parameters of interest would then be ρ, σ 2 , and the vector of regression coefficients. Typi-
We would like to thank Michael Binder, Benedikt Pötscher, You-Qiang Wang, an anonymous referee and the editors for helpful comments, and Dennis Robinson for providing some of the weighting matrices.
2
Of course, if panel data are available one can consider, e.g., a seemingly unrelated regression model, or an error component model to permit for cross sectional correlation, and estimate the cross sectional correlations via the time dimension of the panel if the time dimension is sufficiently large. There is an extensive literature relating to spatial models in the regional science and geography literature; see, e.g., Anselin (1988) , Bennett and Hordijk (1986) , Ord (1973, 1981) , and Cressie (1993) and the references cited therein. For critical comments see Kelejian and Robinson (1995) .
cally, the spatial weights do not involve unknown parameters. 4 Regression models containing spatially correlated disturbance terms based on the SAR model are typically estimated by the (quasi) maximum likelihood (ML) estimator, where the likelihood function corresponds to the normal distribution. We use the term (quasi) ML estimator rather than the term ML estimator to cover specifications where the actual distribution is permitted to differ from the normal distribution, as is the case in our analysis below. Given appropriate conditions these (quasi) ML estimators should be consistent and asymptotically normally distributed. However, to the best of our knowledge, formal results establishing these properties under a specific set of low level assumptions do not seem to be available for the SAR model considered here. We note, however, that Mardia and Marshall (1984) give a general result concerning the consistency and asymptotic normality of the ML estimator for regression models with general disturbance covariances, provided that the disturbances are normally distributed. Clearly their theorem will cover many Gaussian spatial processes. However, in a formal sense their theorem is not applicable to the typical SAR model, even in the case where the disturbances are normally distributed. The reason for this is that Mardia and Marshall assume that the elements of the disturbance covariance matrix do not depend on the sample size. As will be seen below, this assumption is not satisfied for the typical SAR model.
5
A practical difficulty with the (quasi) ML method in SAR models is that the estimation of ρ entails significant computational complexities. As our discussion will make clear, these complexities can be overwhelming if the spatial weights are not symmetric, which is typically the case in practice, 4 See, e.g., Anselin (1988 Anselin ( , 1990 ) and the references cited therein. For an empirical study involving a parameterized weighting matrix see Dubin (1988) .
Of course, the general literature on (quasi) ML estimation contains various sets of sufficient conditions under which (quasi) ML estimators are consistent and asymptotically normally distributed; see, e.g., Gallant and White (1988) , Magnus (1986, 1987) , and Pötscher and Prucha (1991a,b) for recent contributions in the econometrics literature as well as for other references. One approach to formally establish the asymptotic properties of the (quasi) ML estimators under a specific set of low level assumptions for the SAR model considered here would be to formally establish that those assumptions are covered by one of the sets of sufficient conditions given in the general literature on (quasi) ML estimation. We note, however, that such a demonstration may be involved. Also, if N cross sections are observed not only for one but for T periods, spatial autocorrelation can be modeled in a general fashion via a seemingly unrelated regression model and standard large sample theory can be applied to the case in which N is fixed and T → ∞.
even if the sample size is only moderate, or if the sample size is large, which is also the case in various applications -e.g., there are more than 3000 counties in the U.S. These practical difficulties are troublesome since, as Cliff and Ord (1981, p.153) suggest, thus far the only available alternative to the (quasi) ML estimator of ρ in the SAR model is a moments estimator, which was suggested by Ord (1975) . This estimator, however, is generally not seriously considered because of its inefficiency -see, e.g., Ord (1975, p.122 ).
6
The purpose of this paper is two-fold. First, on a theoretical level, we suggest an estimator for the parameter ρ in the SAR model based on a "generalized" moments approach. This estimator is, relative to the (quasi) ML estimator, computationally simple. We then provide a formal proof for the consistency of the estimator under an explicit set of conditions. We note that these conditions do not involve the assumption of normality. Second, we give Monte Carlo results relating to, among other things, the small sample distribution of our suggested estimator and the (quasi) ML estimator. These results suggest that under a variety of distributions including the normal distribution our estimator of ρ is "virtually as efficient" as the (quasi) ML estimator, defined as the maximizer of the likelihood function corresponding to the normal distribution.
In the context of a regression model we also demonstrate that, under typical assumptions, ρ is a nuisance parameter in the sense that the feasible generalized least squares (feasible GLS) estimator based on a consistent estimator of ρ is asymptotically equivalent to the GLS estimator. Therefore, the importance of our results concerning the estimation of ρ also relate to the computational simplicity of feasible GLS estimators. As a by-product we also establish the limiting distribution of those estimators. We note that this requires the use of a central limit theorem for triangular arrays.
Recently, in an interesting dissertation, Conley (1996) has also considered a class of generalized method of moments estimators within a spatial setting. Rather than to assume a specific model for the generation of the data he maintains that the data are stationary and spatially mixing. Clearly, avoiding specific modelling assumptions is appealing with regard to issues of potential misspecification. On the other hand, Conley's stationarity assumption may be restrictive in many applied settings. Also, this assumption is in general not satisfied by the class of spatial ARMA processes as defined, e.g., in Anselin and Florax (1995) , including the SAR model considered here, because of the nature of the spatial weighting matrices used in modelling those processes.
7 Additionally, the derivation of asymptotic results for Mestimators, and in particular generalized method of moments estimators, typically involves a demonstration that the objective function of the estimator converges uniformly over the parameter space to its asymptotic counter part. Provided that the functions forming the objective function are "first moment continuous", that a "local" law of large numbers holds, and given compactness of the parameter space the desired uniform convergence follows immediately from Wald's (1949) approximation technique, cp., e.g., Pötscher and Prucha (1989, pp. 680-81). Conley maintains "first moment continuity" as an assumption towards establishing uniform convergence. However, in particular applications a verification of this high level assumption may be "involved". In this paper we deduce the needed uniform convergence from a set of lower level assumptions. We note further that Conley's dissertation also provides a treatment of covariance matrix estimators in a spatial setting.
The SAR model is specified and interpreted in Section 2. This section also contains a discussion relating to (quasi) maximum likelihood estimation. Our estimator, and a variation of it, are defined and discussed in Section 3.
Results showing that ρ is a nuisance parameter in a regression framework are given in Section 4. The Monte Carlo study is described, and results relating to our suggested estimators as well as to the (quasi) maximum likelihood are given in Section 5. Section 6 contains suggestions for further work. All proofs are relegated to the Appendix.
The Spatial Autoregressive Model
In the SAR model an N × 1 disturbance vector u is generated as follows:
where M is an N × N matrix of known constants, ρ is a scalar parameter, which is typically referred to as the spatial autoregressive parameter, and is a N × 1 vector of innovations. For reasons which will become evident, M is often referred to as a spatial weighting matrix. For reasons of generality we permit the elements of M and to depend on N , i.e., to form triangular arrays. However, for simplicity of notation we do not indicate this possible dependence on N explicitly in the following. It proves helpful to introduce the following notational conventions: In general, we denote the i-th element of a vector v as v i , and the (i, j)-th element of a matrix A as a ij . Correspondingly, we denote the i-th row and jth column of A as a i. and a .j . Given this notation, the typical assumptions of the SAR model are: Given these assumptions it follows from (1) that u = (I − ρM) −1 . Thus, E(u) = 0 and E(uu ) = Ω(ρ), where
We note that, in general, the elements of (I − ρM) −1 will depend on the sample size N . As a consequence, in general, the elements of u will also depend on N and thus form a triangular array, even if the elements of do not depend on N . It also follows that, in general, the elements of Ω(ρ) will depend on N . The specification in (1) implies that
In a cross sectional setting, the nonzero weights m ij are often specified to be those which correspond to units which relate to the i-th unit in a meaningful way. Such units are often said to be neighbors of unit i. As one example, if the cross sectional units are geographical regions, one might take m ij = 0
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Generalizations and variations on these assumptions have been considered -see, e.g., Anselin (1988) , and Ord (1973, 1981 ).
9
As remarked in the Introduction, this violates one of the assumptions maintained by Mardia and Marshall's (1984) theorem regrading the consistency and asymptotic normality of ML estimators for Gaussian processes.
if the i-th and j-th regions are contiguous, and m ij = 0, otherwise. In this setting, each disturbance consists of a weighted sum of disturbances in related regions, and a term which is i.i.d. over the regions. Clearly Assumption 2(a) is a normalization of the model, Assumption 2(b) is a stability condition for certain specifications of M, and Assumption 2(c) ensures that the disturbance vector u is uniquely defined in terms of the innovation vector .
10
One implication of a model such as (1) is that, unlike for most time series models, m ij need not be zero for j > i. Thus, one distinguishing feature of a spatial model is that the i-th disturbance term may be directly related to both "future" and "past" disturbances. Also, in a spatial model there is typically no natural order for arranging the sample.
Assuming for the moment that u is observable and normally distributed, the log-likelihood for the model in (1) is, using evident notation, given by
As remarked above, the normality of u is not one of our maintained assumptions, and hence we refer to the maximizers of (3) as (quasi) ML estimators. In the following we denote those (quasi) ML estimators for ρ and σ 2 asρ QM L andσ 2 QM L , respectively. As is evident from (3) the computation of the (quasi) ML estimators involves the repeated evaluation of the determinant of the N × N matrix I − ρM. To minimize the computational burden, Ord (1975) suggested that the troublesome term in (3) be expressed as ln ||I − ρM|| = N i=1 ln(|1 − ρλ i |), where λ i denotes the i-th eigenvalue of M . The advantage of this approach is that (since M is a known matrix) the eigenvalues of M only have to be computed once at the outset of the numerical optimization procedure employed in finding the (quasi) ML estimates, and not repeatedly at each of the necessary numerical iterations. However, this still leaves the researcher with the task of finding the eigenvalues of the N × N matrix M . Unless M has a particular structure this task is typically "challenging", especially if N is large -recall, e.g., that there are over 3000 counties in the U.S. In fact, in many cases it will be practically impossible to compute those eigenvalues accurately based on computing technology typically available to empirical researchers. As an illustration, in some of the Monte Carlo experiments reported below we use "idealized" symmetric M matrices in which each spatial unit has the same number of neighbors, say J. Clearly for those matrices all eigenvalues are real. However, when we employed a standard subroutine for computing the eigenvalues of a general matrix from the IMSL program library the routine reported eigenvalues with imaginary parts that differed substantially from zero even for the moderate sample size N = 400, when the number of neighbors J was 6 or larger.
11
In fact, some of the reported imaginary parts differed from zero by more than .5 in absolute value. Only when we employed a subroutine that utilized the symmetric nature of those M matrices were we able to compute the eigenvalues accurately. Since, in practice, spatial weighting matrices are typically not symmetric this suggest that an accurate computation of the (quasi) ML estimator may not be feasible in many cases even for moderate sample sizes.
12 Given these computational problems, it is clearly important to have an alternative to the (quasi) ML estimator, which is computationally feasible for general weighting matrices M, and large sample sizes N .
Definition and Consistency of a Generalized Moments Estimator of ρ
Suppose u defined in (1) represents the disturbance vector in a model, and based on that model u is a predictor of u. For notational convenience let u = Mu and u = MMu, and correspondingly, u = M u, and u = MM u. Similarly, let = M and note that under Assumptions 1 and 2:
The IMSL subroutine employed was DEVLGR, which itself is based on subroutines from the EISPACK program library. It seems that other packages such as MATLAB also employ routines from EISPACK.
2
We also experimented with MATLAB 4.2 for Windows, using a PC with a Pentium 133Mhz processor and 32MBs of memory, to calculate the eigenvalues for our "idealized" M matrices. In those experiments we encountered "out of memory" errors for M matrices with N ≥ 2000 and J = 10, even when using a routine for sparse symmetric matrices. In terms of computational time it took, e.g., 22 minutes to compute the eigenvalues in the case N = 1500 and J = 10, again using a routine for sparse symmetric matrices. The subsequent computation of the (quasi) ML estimator based on those eigenvalues and using TSP 4.2 only took seconds. The computation of our generalized moments estimator, which does not require the computation of eigenvalues, also took only seconds.
Our generalized moments estimator for ρ is based on these three moments. Specifically, noting from (1) that = u − ρu and so = u − ρu, consider the following three equation system implied by (1) and (4) :
where
Now consider the following analog to (5) in terms of sample moments based on u:
and where the 3×1 vector ν N (ρ, σ 2 ) can be viewed as a vector of residuals. We now define our generalized moments estimator for ρ and σ 2 as the nonlinear least squares estimator, sayρ N LS,N andσ 2 N LS,N , corresponding to (6). More specifically,
Remark 1: Note that (7) implies that ρ N LS,N ≤ a with a ≥ 1. Since |ρ| < 1, if the bound a is sufficiently large,ρ N LS,N is essentially the unconstrained nonlinear least squares estimator of ρ. The existence and measurability of ρ NLS,N andσ 2 N LS,N is assured by, e.g., Lemma 2 in Jennrich (1969).
In the following let P (ρ) = (I − ρM) −1 . We now specify three additional assumptions.
Assumption 4 : Let u i denote the i-th element of u, where again we suppress the dependence of u and its elements on N for notational convenience. We then assume that there exist (finite dimensional) random vectors d iN and
Remark 2: (a) In practice spatial models are often formulated in such a way that each cross sectional unit has a limited number of "neighbors" regardless of the sample size -see, e.g., Case(1991) and Kelejian and Robinson (1995) . In such cases the weighting matrix M is sparse for large N and so Assumption 3(i) would be satisfied. As a point of information we note that in many of these cases the elements of M are taken to be nonnegative and row normalized in that j m ij = 1. In still other cases, the weighting matrix does not contain zeros but its elements are assumed to decline rapidly in certain directions because they are defined in terms of variables such as distance -see e.g., Dubin (1988) and De Long and Summers (1991). Again, under further reasonable (but idealized) conditions, Assumption 3(i) would be expected to hold.
|ω ij | is bounded, thus limiting the degree of correlation.
14 In a time series context this condition ensures that the process possesses a fading memory. We also note that Assumption 3(ii) is closely related to Condition A5 in Mandy and Martins-Filho (1994) in their study of large sample properties of feasible GLS estimators. . We note that this norm is submultiplicative, i.e., AB ≤ A B . We also define |A| as the vector or matrix of absolute values. 1 4 Observe that N
Remark 3: Assumption 4 should be satisfied for most cases in which u is based upon N 1/2 -consistent estimators of the regression coefficients. For example, using evident notation, consider the nonlinear regression model y i = f (x i , β) + u i . Let β N denote the nonlinear least squares estimator and let u i = y i − f (x i , β N ). Assuming that f is differentiable and applying the mean value theorem it readily seen that
Under typical assumptions maintained for the nonlinear regression model, d iN and ∆ N will satisfy the conditions postulated in Assumption 3; cp., e.g., Pötscher and Prucha (1986).
Remark 4: It will become evident that Assumption 5 is an identifiability condition.
Our basic result is Theorem 1, whose proof is given in the appendix.
NLS,N be the nonlinear least squares estimators defined by (7) . Then, given Assumptions 1-5,
An obvious variation onρ N LS,N in Theorem 1 is based on an over parameterization of (6) . Specifically, let ϕ = ρ 2 , α = (ρ, ϕ, σ 2 ), and letα OLS,N = (ρ OLS,N ,φ OLS,N ,σ 2 OLS,N ) be the ordinary least squares estimator of α based on (6) . Then, it is evident from the proof of Theorem 1 that, under the same conditions, (ρ OLS,N ,φ OLS,N ,σ
An Application to the Generalized Least Squares Model
As discussed, the vector u defined in (1) will often represent the vector of disturbances of some econometric model. In such cases ρ will often be a nuisance parameter in the sense that the asymptotic distribution of some estimator of the model parameters of interest will be the same if ρ is known or if ρ is replaced by a consistent estimator. In many of these cases it will be possible to estimate the disturbances N 1/2 -consistently in a first step. The force of Theorem 1 is that based on those estimated disturbances a simple and consistent estimator of ρ is available.
In the following we illustrate this point within the context of a linear regression model with spatially autoregressive disturbances. In particular, consider the following model:
where y is the N × 1 vector of observations on the dependent variable, X is the N × K matrix of observations on the explanatory variables, β is the K×1 vector of unknown model parameters and u is the vector of disturbances assumed to be generated by (1) . As discussed in Section 2, in general, the elements of u and hence those of y will depend on N . For reasons of generality we also permit the elements of X to depend on N , but again we do not indicate this possible dependence on N explicitly. We maintain the following typical assumptions for the regressor matrix X and the variance covariance matrix Ω of the disturbance vector u.
Assumption 6 : The elements of X are nonstochastic and bounded in absolute value by c x , 0 < c x < ∞. Also X has full column rank and the matrix Q x = lim N →∞ N −1 X X is finite and nonsingular. Furthermore, the matrices
X Ω(ρ)X are finite and nonsingular for all |ρ| < 1.
The true GLS estimator for β is defined as β
−1 y, and the feasible GLS estimator for β corresponding to some estimator of ρ, say ρ N , is defined as β 
As remarked in the Introduction, for the spatial model considered here a rigorous proof of the asymptotic distribution of the GLS estimator β G N requires the use of a central limit theorem for triangular arrays (even if the elements of M and X do not depend on N ). Such a central limit theorem is given in the Appendix.
Theorem 2 assumes the existence of a consistent estimator of ρ and σ 2 . We demonstrate in the Appendix that under Assumptions 1-3 and 5-6 the ordinary least squares (OLS) estimator β N = [X X] −1 X y is N 1/2 -consistent. Given this, the corresponding residuals u i = y i − x i. β N satisfy Assumption 4 with d iN = |x i. | and ∆ N = β N − β. Thus, via the suggested generalized moments estimator and Theorem 1, these residuals can be used to obtain consistent estimators of ρ and σ 2 . According to Theorem 2 these estimators can then be used in formulating a feasible GLS estimator (and an estimator for its asymptotic variance covariance matrix) with the feasible and true GLS estimator being asymptotically equivalent.
A Monte Carlo Model Study
It is of interest to analyze the small sample properties of the generalized moments estimatorsρ NLS andρ OLS and compare them with those of the (quasi) maximum likelihood estimatorρ QML defined as the maximizer of the normal log-likelihood function (3) . 15 For this purpose we have conducted a two part Monte Carlo study. The first part of the Monte Carlo study is based on "idealized" weighting matrices M which differ in size and in the number of neighbors. For these idealized weighting matrices the number of neighbors per unit is taken to be the same in each of the respective matrices. For future reference, we note that, for a given sample size, the number of neighbors per unit can be viewed as a measure of the sparseness of that matrix. In using these idealized weighting matrices we can readily explore the effects of sample size and number of neighbors on the small sample properties of our considered estimators. Of course, the use of idealized weighting matrices raises the concern that results corresponding to those matrices may 1 5 We note thatρ
) denote the (joint) maximizers of the normal loglikelihood function (3), even if the actual distribution is not normal. not be representative of results corresponding to "real world" matrices. The second part of the Monte Carlo study is hence based on real world weighting matrices.
For both parts of the Monte Carlo study we consider three distributions of and seven selections of ρ. As discussed in more detail below, we consider a total of 36 cases for each distribution of . The results for each case are based on 500 Monte Carlo replications. To summarize the results of the respective Monte Carlo experiments we estimate response functions. It turns out that the estimated response functions based on idealized and real world weighting matrices are not "significantly" different. 16 The estimates for the response functions reported below will hence be based on both sets of weighting matrices. These response functions can also be used to interpolate results for other cases.
We now describe the design of the Monte Carlo experiments in more detail. Note first from (1) that σ is a scale factor for u, as well as for u and u, in that their standard deviations are proportional to σ. Because of this, the estimators for ρ defined above do not depend upon σ 2 . Hence, without loss of generality, we took σ 2 = 1 in generating the data for all of the experiments considered; however, in all of the experiments, σ 2 was viewed as an unknown parameter concerning estimation.
The first distribution for explored in the experiments is the normal. More specifically, we assume that the i are i.i.d. N (0, 1). This case is viewed as a base case for the small sample comparisons, since in this casê ρ QM L is actually the maximum likelihood estimator . The second distribution considered is a normalized version of the log-normal. More specifically, we assume in this case
.5 , where the ξ i are i.i. d. N (0, 1) . The normalization implies that the i are i.i.d. (0, 1). This distribution was considered because it is not symmetric. The third distribution considered is a normalized version of a mixture of normals in which one normally distributed random variable is contaminated by another which has a larger variance. More specifically, we assume here that N (0, 100) . Also, the processes (λ i ), (ξ i ) and (ζ i ) are assumed to be jointly independent. Again, the normalization implies that i is i.i.d. (0, 1). This case was consid-ered because the implied distribution has thicker tails than the normal. 17 In particular, for the specification considered E 4 i /(E 2 i ) 2= 14.15. As mentioned, the first part of the Monte Carlo study is based on idealized weighting matrices M. For each of the three distributions of we consider 15 cases which relate to seven selections of ρ, three selections of the weighting matrix M, and three selections of the sample size N . We note that the total number of combinations of these selections of ρ, M, and N would lead to 7 × 3 × 3 = 63 cases for each distribution of . To keep the Monte Carlo study manageable we consider only 15 of those cases per distribution of , but summarize the results of the Monte Carlo experiments in terms of response functions. The three specifications of the weighting matrices M differ in terms of sparseness, and therefore in terms of the extent of implied autocorrelation concerning the disturbance terms u i defined by (1) . In the first specification, which we henceforth refer to as 1 ahead and 1 behind, M was selected such that each element of u is directly related to the one immediately after and immediately before it. In doing this, we specified a "circular" world so that, e.g., u N is directly related to u 1 and to u N −1 and, and similarly, u 1 to u 2 and u N . Furthermore, we specified M such that all nonzero elements of M are equal and that the respective rows sum to unity. That is, in this case, each row of M has two nonzero elements which are equal to 1/2. Correspondingly, the next two specifications of M are "3 ahead and 3 behind", and "5 ahead and 5 behind", again in a circular world. The nonzero elements of M in these two cases are respectively taken as 1/6 and 1/10.
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Let J denote the average number of neighbors for each unit. We can then characterize the above matrices with J = 2, 6, 10, respectively.
The second part of the Monte Carlo experiment is based on three real world weighting matrices M . In particular, those matrices represent the spatial weighting matrices for 58, 100, and 254 counties in the states of California, North Carolina, and Texas. For these matrices two counties are defined as neighbors if they are in the same state and if a 50 mile circle centered at the population center of one county includes the population center of the other county. Neighbors are indicated by nonzero elements in the M matrix. These nonzero elements are specified to be equal in each row, and to sum to unity in each row. Again, we characterize these matrices by their 1 7 We note that mixtures of normals are frequently used to model the effects of outliers. 1 8 We emphasize that the estimators for ρ considered in this paper do not depend on the particular ordering of the data. Thus any M matrix obtained from a rearrangement of the data would yield the same results. average number of neighbors, i.e., with J = 3.8, 10.9, 6.6, respectively. Given seven selections of ρ the three real world weighting matrices lead to 7×3 = 21 additional cases per distribution. Table 1 gives results on two characteristics of the distributions ofρ NLS , ρ OLS , andρ QM L for each of the 15 + 21 = 36 cases (defined in terms of N , J, and ρ) for each of the three disturbance distributions considered. These characteristics are closely related to the standard measures of bias and root mean squared error (RMSE), but unlike these measures are assured to exist. Our measure of bias is defined as the difference between the median and the true parameter value. Our measure corresponding to the RMSE is defined as
where IQ is the inter-quantile range. That is, IQ = c 1 −c 2 where c 1 is the .75 quantile and c 2 is the .25 quantile. If the distribution is normal, IQ/1.35 is (apart from rounding errors) equal to the standard deviation. In the following we will refer to our measures simply as bias and RMSE. The results in Table 1 are Monte Carlo estimates of these measures based on quantiles computed from the empirical distributions corresponding 500 Monte Carlo replications. Before discussing response functions for the RMSEs we note some points.
The average absolute biases are generally similar forρ QM L andρ NLS , but higher forρ OLS for all three cases of considered distributions. The biases, while typically negative, are relatively small in absolute value. The RMSEs forρ QM L andρ NLS are also generally very close in magnitude, and considerably lower than those relating toρ OLS . This suggests that the generalized moments estimatorρ NLS and the (quasi) maximum likelihood estimator ρ QM L possess very similar small sample properties, both under normality and non-normality. We conjecture that a reason for this is thatρ QM L andρ NLS are both, in essence, defined in terms of second order moments. Given the similarity of the small sample properties ofρ QM L andρ NLS , a major advantage of the generalized moments estimatorρ NLS as compared to the (quasi) maximum likelihood estimatorρ QML seems to be thatρ NLS remains readily computable even for large sample sizes N and general spatial weighting matrices M, as was discussed in some detail at the end of Section 2. We note, however, that the over-parameterization underlying the definition ofρ OLS is costly in terms of small sample efficiency. For example, on average the RMSE corresponding toρ OLS is more than twice as large as those ofρ NLS andρ QM L . For this reason we will henceforth focus attention only onρ NLS andρ QML . Observations concerning the response of the RMSEs to the sample size N , the average number of neighbors J of the weighting matrix M, and the value of ρ are not readily apparent from Table 1 . For this reason, we describe the general results in the table via response functions. In doing this we estimate separate response functions forρ NLS andρ QML for each of the three distributions considered. These six functions have the same form but different parameters. These response functions describe the results in Table 1 , and should be useful for inferring corresponding results for experiments which have "similar" sets of parameter values.
Let s = 1, . . . , 36 denote the s-th case considered in Table 1 corresponding to a particular distribution. Using evident notation, we then specify the response functions for the RMSE ofρ =ρ QM L orρ =ρ NLS for a particular distribution as follows:
where a 1 , . . . , a 5 are parameters to be estimated using the data from Table  1 on the corresponding 36 cases. We estimate a 1 , . . . , a 5 by least squares (taking logs on both sides).
A few points concerning the response function in (9) should be noted. First, rather than being empirically determined, the exponent of the sample size is taken as −1/2 because of evident large sample considerations. Second, the function in (9) is relatively simple, but yet nonnegative and able to accommodate certain patterns that might be suggested from time series considerations. For example, for an AR(1) model (with autocorrelation coefficient ρ), the variance in the asymptotic distribution of the (quasi) maximum likelihood estimator for ρ is, under typical assumptions, proportional to 1 − ρ 2 .
19 It should be noted that this variance is symmetric about, and maximized at, zero; in addition, it approaches its minimum value as ρ approaches the "critical" points ±1. Although the spatial models considered in our Monte Carlo study are not identical to an AR(1) model, one might never-the-less expect the relationship between the RMSE and the parameter ρ to peak at some point, and then decline as ρ approaches "critical" points at which I − ρM is singular. For all of the spatial weighting matrices considered in our experiments, the smallest positive critical point is 1.0; however, the largest negative critical point is equal to −1 only for the case in which J = 2; for all other cases considered the largest negative critical point is less than −1. In allowing for an interaction term between ρ and 1/J in (9) our response function permits a priori that the RMSEs might peak at a value of ρ which varies with J. There is also another avenue by which J might effect the RMSEs. Specifically, recall that u i = ρu i + i . The weighting matrices considered in the experiments are such that u i is a straight average of the disturbances which correspond to the "neighbors" of the i-th region. Because of this, the variance of u i (relative to that of u i ) should be inversely related to J, the average number of neighbors. Ceteris paribus, one might expect large values of J to be associated with large RMSEs because estimation efficiency is typically an increasing function of regressor variances. Finally, other forms of the response functions were considered but were dominated by the form in (9) .
The estimation results for the six response functions are given in Table A in the appendix. Over-all, the results in that table suggest that the response functions fit the data well. The R 2 values and the t-ratios are all quite high suggesting both a tight fit and that each term considered is important. For all cases considered, the estimated value of a 5 is negative and so each function peaks at a given value of ρ, and then declines. The estimates of the coefficients are such that this "maximizing" value of ρ declines as J increases. For all cases considered, if J > 2 the value of ρ at which each function peaks is negative but greater than −.25. For all cases in which J = 2, this "maximizing" value of ρ is very close to zero, namely, between −.03 and .04. The estimated coefficients are also such that increases in J are, again in all cases, associated with increases in the RMSEs. These results are consistent with prior notions. Graphs of the estimated response functions for the case of a normal error distribution are given in Figures 1 and 2 for ρ QM L and ρ NLS . Of course, in this case the (quasi) ML estimatorρ QM L is the ML estimator. The graphs for the case of a log-normal and contaminated error distribution are similar, but are not given here to conserve space.
The Monte Carlo results reported here correspond to the case in which the disturbances u i are observable. We also performed corresponding experiments involving estimated disturbances, but we do not report here the details of those experiments because of space limitations. Those experiments suggest that the statements based on Table 1 and Table A in the Appendix concerning the relative efficiency of the three estimators carry over qualitatively to cases in which ρ is estimated from estimated disturbances.
Suggestions for Further Work
The autocorrelation model considered in this paper is sometimes referred to as a spatial autoregressive model of order one in that only one "spatial lag" of the disturbance term, represented by ρM u in (1), is being considered. Higher order spatial models involving more than one spatial lag of the disturbance term (e.g., using evident notation, ρ 1 M 1 u + . . . + ρ p M p u) as well as of the innovation term (e.g., + ρ p+1 M p+1 + . . . ρ p+q M p+q ) have also been considered in the literature. It should be of interest to extend the generalized moments approach suggested in this paper to those models, and to determine corresponding large sample properties.
A Appendix
In proving Theorem 1 we have to consider the following moments
The corresponding moments based on u, u and u in place of, respectively, u, u and u will be denoted by ϑ h,N , h = 1, . . . , 6. In the following we will suppress the subscript N for the matrices C h,N and their elements, h = 1, . . . , 8. To prove Theorem 1 we need several lemmata.
Lemma 1 : Under Assumption 3 the elements of the matrices C h defined in (A.1) have the following properties, h = 1, . . . , 8:
Proof. The first claim follows since by Assumption 3 the row and column sums of the absolute values of the elements of the matrices P and M are bounded, and this property is preserved under matrix multiplication. 20 Next observe that the row and column sums of the absolute values of the elements of the matrices C h + C h and [C h + C h ][C h + C h ] are then bounded by 2c and 4c 2 , respectively. The second claim of the lemma now follows since Proof. By Lemma 1, all elements c h,ji are bounded in absolute value.
i , since cov( i j , r s ) = 0 unless i = r and j = s, or i = s and j = r. Clearly a sufficient condition for var (ϑ 
Proof. Observe that Proof. To prove the lemma it suffices to show, in light of Lemma 3, that u i , u i , u i and the u i , u i , u i , satisfy the properties maintained for v i,N and v i,N in that lemma. First observe that by Lemma 2,
2/(2+δ) by Lyapunov's inequality, u i and u i clearly satisfy the properties maintained for v i,N and v i,N in Lemma 3. Next observe that
and that
, and
Hence, using the triangle and Hölder's inequalities with q = 2+δ and
Hence u i and u i as well as u i and u i also satisfy the properties maintained for v i,N and v i,N in Lemma 3, and thus the claims of Lemma 4 follow from Lemma 3.
Proof of Theorem 1: The existence and measurability ofρ N LS,N and σ 2 N LS,N is assured by, e.g., Lemma 2 in Jennrich (1969) . The objective function of the nonlinear least squares estimator and its corresponding nonstochastic counterpart are given by, respectively,
where θ = ( ρ, σ 2 ) . To prove the consistency of (ρ N LS,N ,σ 
as N → ∞. The consistency of (ρ N LS,N ,σ 2 NLS,N ) now follows directly from Lemma 3.1 in Pötscher and Prucha (1991a).
The proof of Theorem 2 requires a central limit theorem (CLT) for triangular arrays. The CLT below follows readily from a corollary to the Lindeberg-Feller CLT for triangular arrays using the Cramer-Wold device. That corollary is, e.g., given in Billingsley (1979), p. 319 (Problem 27.6). The following table contains the estimation results for the response functions for ρ QM L and ρ NLS discussed in Section 5. 
